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Abstract This paper mainly discusses the (2+1)-dimensional modified dispersive water-wave (MDWW) system which
will be proved nonlinear self-adjointness. This property is applied to construct conservation laws corresponding to the
symmetries of the system. Moreover, via the truncated Painlevé analysis and consistent tanh-function expansion (CTE)
method, the soliton-cnoidal periodic wave interaction solutions and corresponding images will be eventually achieved.
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1 Introduction

Conservation laws, essential in the study of differential
equations mathematically and physically, propose one of
the primary principles to formulate and investigate mod-
els, especially in existence, uniqueness and stability of so-
lutions. In addition, the integrability of the system is
quite possible should conservation laws exist in it.[' =2 For
conservation laws, different methods have been mobilized.
The celebrated Noether’s theorem!®! proves to be a sys-
tematic and efficient approach in finding conservation laws
of PDEs unless there exists a Lagrangian. However, there
exist some equations not having a Lagrangian. Hence the
Noether’s theorem cannot be used to obtain conservation
laws directly because of the equation symmetries. This,
however, can be solved with the general concept of nonlin-
ear self-adjointness proposed by Ibragimov,*~7 and Gan-
darias to construct the conservation laws for any differen-
tial equation.l8] This procedure can be true of classes of
single differential equations of any order but of the sys-
tems where the number of equations is equal to that of
dependent variables.[911]

On the other hand, it is an important and major sub-
ject to seek exact solutions and interactions among so-
lutions to nonlinear equation to explain some physical
phenomena further. The special solutions to an inte-
grable system can be derived from many effective meth-
ods such as symmetry reductions,'? the variable sepa-
ration approach,!*® the inverse scattering transformation
approach,['4] the Darboux transformation (DT),[15=16] the
Bicklund transformation (BT),[') the bilinear method, 8!

and Painlevé analysis,['?! to name just a few. However, it
is difficult to find the interaction solutions among different
types of nonlinear excitations besides the soliton-soliton
interaction. Recently, Lou et al. made a breakthrough
in interaction solutions between solitons and any other
types of nonlinear soliton waves by using two equivalent
simple methods: the truncated Painlevé analysis and the
generalized tanh expansion approaches,2°=21 which are
proved to be effective for more types of solutions to many
integrable systems.

This paper concentrates on investigating the non-
linear self-adjointness, conservation laws and interaction
solutions between a soliton and cnoidal wavel?2=26] of
the (241)-dimensional modified dispersive water-wave
(MDWW) system, which can be written as

F1 = ’Z,Lyt +Urxy *2’Umr —uiy = 0’
Fy = vy — vgp — 2upv — 2uv, =0, (1)

system (1), modeling nonlinear and dispersive long grav-
ity waves in two horizontal directions on shallow waters
of uniform depth. MDWW is derived from the famous
Kadomtsev—Petviashvili (KP) equation with the symme-
try constraints.?” In Refs. [28]-[29], Painlevé-Bicklund
transformations, along with a multilinear variable separa-
tion approach help a lot in securing abundant propagat-
ing localized excitations. Reference [30] shows many new
types of non-traveling solutions acquired via a further gen-
eralized projective Riccati equation method. In [31], the
extended mapping approach assists in getting some non-
propagating and propagating solitons. Reference [32] en-
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gages in new types of interactions between solitons such as
a compacton-like semi-foldon and a compacton, a peakon-
like semi-foldon and a peakon based on new variable sep-
aration solutions with arbitrary functions for MDWW (1)
by using the projective Riccati equation expansion. In
Ref. [33], special types of periodic folded waves are de-
rived from the WTC truncation method. In Ref. [34],
Hirota bilinear method is of great assistance in construct-
ing multiple soliton solutions with arbitrary functions for
system (1). For system (1), Ref. [35] emphasizes symme-
try reduction. However, the research into the nonlinear
self-adjoint, conservation law and soliton-cnodial wave so-
lution of Egs. (1) have not been mentioned in the above
literature.

This paper is arranged as follows. Section 2 intro-
duces the main notations and theorems used in this pa-
per. In Sec. 3, the nonlinear self-adjointness for the (241)-
dimensional (MDWW) system will be discussed, which is
a vital link in applying Ibragimov’s theorem. In Sec. 4,
based on Lie symmetry analysis acquired and Ibragimov’s
theorem, conservation laws of system (1) are established.
In Sec. 5, we derive new explicit interactions solutions
between solitons and cnoidal periodic waves by the trun-
cated Painlevé analysis and the consistent tanh expansion
(CTE) method for the (2+41)-dimensional MDWW sys-
tem. In the last section, some conclusions and discussion
will be given.

2 Preliminaries

This section aims to present the notations and theo-
rems used in this paper.

Definition 1 (Ref. [6]) Consider a system of equations

Fo(z,u,umy, .. ui) =0, a=1,...m, (2)
1

with n independent variables z = (z',...,2"), m depen-
dent variables u = (u!,...,u™) and where u(s) denotes
the set of the partial derivatives of s-th order of u. The

adjoint equation to Egs. (2) is

Fi(z,u,v,... ui),v6) =0, a=1,....m, (3)
with
oL
F;(x,u,v,...,u(s),v(s)):%, OZ::l,...,TI’L7 (4)

where L is the formal Lagrangian for Eq. (2) given by

L= ZvﬁFg(x,u,u(l), cel
B=1

u(s)) ’ (5)

with v = (v!,...,v™) as new dependent variables, v =

v¥(x), and §/du® as the variational derivative

I - )
b~ gus T 2V P D

s=1 BRNE
Definition 2 (Ref. [7]) The system (2) is said to be
nonlinearly self-adjoint if the following equations hold:

1‘7‘06*(31‘,1%’07 e ,U(s), 'U(S)>|vo<:¢a(x7u)

=/\§Fg(x,u7...,u(s)), a=1,....,m, (6)

with ¢(x,u) # 0, where \? are undetermined coefficients,
and ¢ is the m-dimensional vector ¢ = (¢!,..., ™).

In Ref. [6], Egs. (3) succeeds the symmetries of the sys-
tem (2), which has been proved by Ibragimov. In other
words, if the system (2) admits a point transformation
group with a generator

0

0
X = E(xuu1)7..) )8?’ (

a %
then the adjoint system (3) admits the operator (7) ex-
tended to the variables v® by the formula

48 0 0

+77 (m,u,u(l),.. 7)

Theorem 1 (Ref. [6]) Any infinitesimal symmetry (Lie
point, Lie Bicklund, nonlocal)

0

,i 8
X:€ (I,U,U(l),.. )8 o +77 (I,uau(l)a"')w

§L+Wa[

D;(C?%) = 0 for the system of differential equations con-
oL oL
D; (
o 8L oL
D;(w )[811% _Dk<3u%k> _}
9)
z]k

of a system equations (2) provides a conservation law
sisting of Egs. (2) and the adjoint Egs. (3). The conserved
vector is given by
oL
_ D;D ( >, }
dus 8u”)+ \ug
oL }
ou® ’

+ D; DL (W)
and W& =n® — §Ju3"

3 Nonlinear Self-Adjointness of System (1)
For system (1), according to Definition 1, the following
formal Lagrangian can be deduced

— 250 — u?

+ i (Vp — Vg — 2uv — 2uvy,) , (10)
where u] and v] are two new dependent variables. The
adjoint system of the system (1) is

oL oL
Ff=—=0, y=—=0, 11
1 6U 2 51} ( )
where, in this case
oL 0L 0L oL oL
—=-——-D,— -D, DyDy—
ou ou Ouy 5 + t@uyt
oL oL
D,D - D,D,D
e By Y Dty
oL 0L oL oL oL
— = - -D +D.D,——
v Ov vy “ ov, T gy

with D,, D, and D; denoting the operator of total differ-
entiation with z, y, and t respectively. Should Eq. (10)
be considered, the adjoint system (11) for system (1) will
change into

* ok * * * .
FI = Uy + 207, — 2uu1w — Uiy = 0,

FQ* = ’Uft - QUUikw + QUTwz + Urmz =0. (12)
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System (1) is not recovered if u is substituted for v} and v
for v¥, so system (1) is not self adjoint.[*"! Based on Defini-
tion 2, nonlinearly self-adjoint will the system (1) become
if each equation F}* (i = 1,2) of the adjoint system (12)
satisfies the following condition
FU=AnF+ Aoky,  Fy = Ao Fi+ da2Fp, (13)
with regular undetermined coefficients A;; (i,j5 = 1,2) af-
ter substituting the following expression
uT = ¢(z7y7 t’ u? /l})7 Uik = 11[}($7 y7 t7 u7 U) ) (14)

with ¢(z,y,t,u,v) # 0 or ¥(z,y,t, u,v) # 0. Were the
differential consequences of (14) to be introduced, system
(12) split into the following equations for the coefficients
)\ij (7”] = 172)

A1 = du, M2 = Py,
Ao = %(% + ), Az =1y,
and into the system for the substitution (14)
Pu =y =Vu =0y =V =0, Pyt — Paay =0
Gy =0, Yt + Yo + 2020 = 0. (15)

Once they are solved, the following solution will come

Y=—-291+gs, (16)

where g1, g2, g3 are arbitrary functions of ¢, and g4 of y,
and the dot over the function denotes its derivative with
respect to its variable. Then, according to the Definition
2, system (1) is nonlinearly self adjoint.

1.
= 591932 + 9o + g3 + gu,

4 Lie Symmetries and Conservation Laws of

System (1)

The performance of corresponding Lie symmetry anal-
ysis by classical lie group method is the prerequisite to de-
rive conservation laws for system (1). It needs to consider
a one-parameter Lie group of infinitesimal transformations

y = y+e(z,y,t,u,0),
u— u+ent(z,y,t,u,),

r— x+ ez y, tu,v),
t—t+e(x,y,t,u,v),

v — v+ en?(z,y,t,u,v), (17)

with a small parameter € < 1. The vector field related to
the above transformations can be described as

9, ,0
X =g +¥—+€ i

ou

Then the invariance of system (1) under transformation
(17) makes the functions &%, £2,€3, nt, n? take the form

61: 52:.]01) 53:.]827

(18)

1.
§f2x+f3a

1. 1. .
n' = —§f2u+ §f2l’ + f3,

n? = —%U(Qfl + f2), (19)

where f; is arbitrary function of y, fs, f3 of ¢, and the
dot over the functions means their derivative with respect
to their variable. An infinite-dimensional Lie algebra of
symmetries is resulted from the existence of the arbitrary
functions. A general element of this algebra is depicted as

X=X, + X5+ Xs, (20)
where
Xlzflgy—fw%, (21)
- en e )
~ She, 22)
X3:f38%3+f3% (23)

What follows is to apply the Theorem 1 to seek for con-
servation laws of system (1). For (1), the adjoint equation
is given by

* ok * * * _
Ff = Uy + 20v7, — 2uu1zy — Ulgpy = 0,

P‘g< = ’Uft - QUUTw + QUIxx + Ufm = 07 (24)

and the Lagrangian in the symmetrized form

1
L=uj (fuyt + —Uy — 2UpUy — UUgy — Ullyy + 3 Uaoy + 3Uaya + 3Uyea — 2vm> + 07 (v — 22UV — 2uVy — Vgy) . (25)

2 2

Consider Theorem 1, the corresponding vector fields can be written as

) ) , 0

X = 51 +€ st T e T gy (26)
The conservation law is decided by
Dy(C") + D, (C?) + Dy (C?) = (27)
Here the conserved vector C' = (C1,C?,C?) is given by (9) and the concrete forms are as follows
oL oL oL
ct=¢rL+w2—=—-w'D wl
g + ov (7 y@uty + 4 auty ’
oL oL oL oL oL oL
’L ! D D Dy 2 — Dy
=OLEW (6% Y OUgzy + Lay gy t Pye (9uwy$> +W <8vw “ 8vm)
oL oL oL oL oL oL
1 o Dm o lD 2 1 1
Wy ((‘3um aum) Yo Dy e T a0 T Vv, T W,
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§3L+W1(8L p, 2k | p, ok )+ wi aaL +wi( oL _p, oL )

oL
Wl
Ouy Oy, Oyaa Oy, OUyza +

Substituting (25) into (28), it will change into
Cl = ElL + WQUT - (Wluly TWyl) s
2
c? =L+ wt ( — 2ujuy — 21}1‘1} +uyui +uuj, + guhy) + W2(—2uv} + 2u}, +vi,)

1
- W1 (uui + gu’{m) Wm Ty —W2(2u} +v}) + u1W£y,

1 1
= L+ W (G0t — 2udue — i, +ugud +und, ) + 3 — W2 (w4 i, ) + i,

2
with

lenl_é-lut_éﬂux_g?)uy’ W2:n2_flvt_€2,0x_§3vy.
In regard to (21), we consider the following cases.

Case 1 For the generator
0 0
= —_— = -,
fl 6],/ fly 31)
the Lie characteristic functions are
Wl = —fluy, W2 = —Ufly — fl’Uy,

one can obtain the conservation vector of (1)

1
cl = —(’Ufly + fl’Uy)Uik + 5(

* * * * 2 * * * *
C? = fiu, (2u1uy + 201V — uyuy — uuj, — §U1m> = (vfiy + frvy) (v1, — 2uv] + 2u],)

fluyuiy - U/Tf]_yuy - uy{fluyy) )

+ (fyuy + fl“w)(““l + guu) + gulyfluyx + (Vafiy + frvya) (2u] +v7) — §u1(f1yuwy + frtzyy),
C® = fruf(uys — 2uptly — 2Uullgy + Ugzy — 2V2z) + f107 (VF — 2V — 2y — Vg
— fluy(gulm — 2uiuy — iult + uzuj + uu1x> + fitys (uu1 + §u1x> — §U1fluyt — gulfluym .

Case 2 For the generator
0 0

7 +f2 1(Uf2t+ foQtt) 0 _

) s

1
Xy = 2117f2f

the Lie characteristic functions are
L1 1 1 , 1 1
W= —*(Ufzt + *$f2tt) — four — s forus, W™= —-vfo — fovy — 2 forvs,
2 2 2 2 2
we can get the conservation vector of (1)
ot = foul (uey — 2uzty — 2Ulpy + Upgy — 2045) + fo0] (v — 2ugV — 2V, — Ugy)

1, 1 1 1 1 .
~ 3l (Uf2t + fave + §$f2tvx) + [1 (Uf2t + §$f2tt) + foue + S aua |uyy

1.1 1
— 5 <§ny2t + faugy + ifotuwy) ,

1

1
c? ixfgtu”f(uyt — 2Up Uy — 2Ulgy + Upgy — 205e) + §xf2tvf(vt — 22UV — 2UVy — Vgy)

+ (iuf% + §17f2tt + four + ixfztux) (2u1uy + 2v7v — uyuy — uugy, — §u11y>
1 1 " " N 1 1 N
— <§vf2t + fovs + ixf%vx) (v, — 2uv] + 2ui,) + (iuyfét + fougy, + §xf2tuxy) (uul + §u1w>
n 1, (1 o+ 1f +f + 1f n 1 f )
o o Y I x o xT = TT
3U1y 2U 2t T g J2tt 2UL B 2tU, 9 2t
1 1 1 o owy Loy
+ (5”&7]027& + fQUtz + §f2tvz + ixf2tvmm) (2u1 + 'Ul) - §U1(2f2tuzy + 2f2utxy + f2txuzzy) ]

B = —(Eufgt + fogtt + fous + §:rf2tux> <§u1m — 2ujuy — 5“” + uzui + uulz)
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1 1 1 1 L1
+ <*Uxf2t + Zf2tt + foug, + §f2tux + §$f2tuxx) (UU1 + g“u)

2

| =N =

- 7“?(3f2tuacr + 2foulier + thxua:mz) .

Case 3 For the generator

0

1 1 1 1 1
— -uj (§Utf2t + §Uf2tt + 1xf2ttt + forug + foug + §xf2ttuz + EIthuzt)

0

X3 = f3% + fSt% )

the Lie characteristic functions are

W= fat — faug,

we derive the conservation vector of (1)

W2 = *.vaz )

* 1 * *
ct= —favgvy — 5[(f3t - f3U:c)u1y + fauzyui],

C? = Jaul (Uyt — 2Uuzty — 2Ulpy + Upgy — 2055) + f30] (0 — 2ugV — 2uVy — Vgy)

2 * * * * * * *
+ (f3t — fauz) (fulwy — 2uiuy — 2070 + uyul + uuly) — f3v,(2u], — 2uv]

3

+v1,) + fatsy (uul + 7u1m> + §f3uwu1y + f3v2s (2u} +07) — §f3u1umy ,

3

C® = (far — f3ux)(*ulm = 2ujuy — o Uit + uguy + Uuu-) + f3taz (Uul + *Uu)

3

]' *
+ —ul(fsee — fats —

2 3

3

1 *
fauar) — Sul f3tag -

Remark 1 Clearly, the above conservation vector C? | ¢ satisfies the following Schwarzian form

(¢ = 1,2,3) includes an arbitrary solution uj,v; to ad-
joint Egs. (24), so the number of the conservation laws it
presents is infinite.

5 Soliton-Cnoidal Wave Interaction Solutions

of System (1)

Obviously, the Painlevé analysis is one of the effec-
tive approaches for special solutions to nonlinear physical
systems. For the (2+1)-dimensional MDWW system, its
truncated Painlevé expansion can be expressed as

u:%—i—uo, vz%-ﬁ-%—i—vo,
with wug, u1,vg,v1,v2, ¢ being the functions of x,y and t.
By substituting Eq. (29) into system (1) and vanishing all
the coefficients of different powers of 1/¢ comes

(29)

Uy = g, UL = 2¢y, Ulz@%ﬁfm7
Vo = _¢y¢za V1 = quyy
1
Vg = ﬁ((ﬁzyét - ¢yt¢z - ¢my¢zx + (brmygbm) y (30)
and then we obtain
°— 2(15% + ¢¢t - ¢¢xac
20,6 ’
V= 5 (20,05 = 20,002 + b6
- ¢wy¢2¢wm - ¢yt¢m¢2 + ¢wwy¢aj¢2) ’ (31)

which is the solution to the MDWW system, and the field

-1 1 1

where ) is an arbitrary integral parameter, and

o % g _ e 3(21:)2'

¢z’ e 2
The Schwarzian form (32) is invariant under the Mébious
transformation
a+ bp
c+do

That is to say, Eq. (32) bears three symmetries 0? = d;,
0? = dy¢, and 0% = d3¢? with arbitrary constants d;, do
and d3.

Adopting the following straightening transformation,

2
¢= tanh(w) — 1~

o — (ad # bc) .

(33)

where w is the function of x, y, and ¢t. After substitut-
ing the expression (33) into system (31), the equivalent
solutions to MDWW system come as

Wyz — Wi
= w, tanh(w) - ——

u = w, tanh(w) T

v = —wyw, tanh? (w) + wy, tanh(w) + wyw,

wyt - wmry
2w,

wmrwzy - wtwmy
+

Lo )

and the equivalent compatibility condition for w as

1 1 1
§Clt - iclclz - Clzx + 5511 + 2Wp Wy = 0; (35)
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where

Wy

C = ﬂ, S = Qooe _ 3(wm)2.
Wy Wy 2

Clearly, the solutions (34) are derived from the transfor-
mation (33), where the usual truncated Painlevé expan-
sion approach is converted into the most general extension
of the special tanh function expansion method, so it can be
said the solutions (34) are the generalization of the usual
tanh function expansion method. Here we can obtain the
solution (34) by the CTE approaches. 6]

For the MDWW system (1), the application of lead-
ing order analysis can result in the following generalized
truncated tanh function expansion

u = ug + uq tanh(w) ,

v = vg + v1 tanh(w) + vy tanh®(w) , (36)

where ug, u1,vg, v1,v2 and w are functions of z, y, and t.
Substituting expression (36) into system (1) and vanishing
all the coefficients of tanh’(w), we have

_ Wt — Wy
Up = ) Uy = Wy ,
2w,
V1 = Wy, V2= —WgWy,
— 3
vg = 2—2(—2wywm + W Way — WaWyt + WyWaay
xT
- wa:a:w:cy) 9 (37)

and then we deduce the same solution (34) to the MDWW
system (1) with the consistent condition (35).

10 20

-20 -10

0
—0.2
—04
—-0.6
—0.8

—14
(b

|

|

J]k
| ! rt(.

&”ﬁylﬁl

|

W 3
| m’

Fig. 1 The soliton-cnodial periodic wave solution to u: (a) The profile of the special structure with ¢ = 0 and y = 0.
(b) The profile of the special structure at ¢ = 0 and = = 0. (c) Perspective view of the wave.

0.3
0.2

\WAWL:

=20\ | -1
—0.
—0.2

—0.3

10 20

(b)

Fig. 2 The soliton-cnodial periodic wave solutions to v: (a) The profile of the special structure with ¢ = 0 and y = 0.
(b) The profile of the special structure with ¢t = 0 and = 0. (c) Perspective view of the wave.

The above shows that the single soliton (or soli- | is the usual Jacobi elliptic sine function and

tary wave) solution to the MDWW system (1) is only a
straightened solution w = kjz+1;y+d;t to Eq. (35), which
implies that to find the interaction solutions between soli-
tons and other nonlinear excitations, what is needed is to
acquire the solution to Eq. (35). In this paper we focus
on the following special Jacobi elliptic function

w = h1x+h2y+h3t

+ AEx(sn(q1z + g2y + gst,m),n,m), (38)

as the solution to Eq. (35), which characterizes the interac-
tions between a soliton and a cnoidal wave. hqy, ho, h3, q1,
42, g3, A,m and n are determined later. In (38), sn(z,m)

¢ dt
ETI' (C? n? m) =
o (1—mnt2)/(1—#2)(1 - m22)
is the third type of incomplete elliptic integral. By sub-

stituting (38) into (35) and solving the over-determined
equations with the help of maple will come

h1:O7 h2:h25 h3:h37 )‘:>\7

n=mnm, q1 = q1, q2 = 42, 43 = g3,

m=m,

(39)
where ho, h3, A, m,n, q1, g2 and g3 are arbitrary constants.
Substituting Egs. (37), (38), and (39) into (36), we can ob-
tain the interaction solution between soliton and cnoidal
periodic waves. The result is omitted here because of its
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prolixity. Corresponding images are as follows and the
parameters used in the figure are selected as {hy = 1.4,
hs = —0.5, A = —0.3, ¢1 = —0.9, ¢ = —0.5, g3 = 0.2,
m=0.8,n=0.5}.

Remark 3 Figures 1 and 2 illustrate the soliton-cnoidal
periodic wave solutions to the fields © and v describing
a soliton travels on a cnoidal wave background for the
MDWW system. Clearly, the interaction between the soli-
ton and every peak of the cnoidal periodic wave is elastic
as phase changes. Solutions and figures obtained in this
paper might be helpful in further understanding the prop-
agation of nonlinear and dispersive long gravity waves on
shallow waters.

6 Summary and Discussion
It is proved that the (2+1)-dimensional MDWW sys-

tem (1) is nonlinearly self-adjoint. With the support of
the general theorem of conservation laws by Ibragimov,!®
the property can be applied to construct countless conser-
vation laws for (1). Mathematically, the basic conserved
quantity can be applied in obtaining various estimates for
smooth solutions and defining suitable norms for weak so-
lutions, so it is worthy to be further investigated.

In addition, with the truncated Painlevé analysis and
the CTE method, the soliton-cnoidal wave solution to sys-
tem (1) is obtained. A good understanding of the solu-
tions to system (1) is very helpful for coastal and civil en-
gineers in applying the nonlinear water model to coastal
harbor design. For their practicability, the study on the
CTE method and more types of the interaction solutions
among different kinds of nonlinear excitations should be
furthered.
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