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We explore the (2+1)-dimensional dispersive long-wave (DLW) system. From the standard truncated Painlevé ex-
pansion, the Bicklund transformation (BT) and residual symmetries of this system are derived. The introduction to an
appropriate auxiliary dependent variable successfully localizes the residual symmetries to Lie point symmetries. In partic-
ular, it is verified that the (2+1)-dimensional DLW system is consistent Riccati expansion (CRE) solvable. If the special
form of (CRE)-consistent tanh-function expansion (CTE) is taken, the soliton-cnoidal wave solutions and corresponding
images can be explicitly given. Furthermore, the conservation laws of the DLW system are investigated with symmetries

and Ibragimov theorem.
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1. Introduction

It is well known that soliton theory, an important topic
in nonlinear science, has been studied thoroughly.!'->! Many
measures can be taken to describe nonlinear phenomena, of
which to construct exact solution including the soliton and dif-
ferent wave solutions to an integrable system is an effective
one. Symmetry and Painlevé analyses play important roles
in deriving the exact solutions.®# Obtained from the classi-
cal or nonclassical Lie group method, Lie point symmetries
of a differential system can reduce the dimensions of the par-
tial differential equations (PDEs) and help construct group in-
variant solutions by similarity reductions. Nevertheless, the
nonlocal symmetries of the integrable system can be acquired
through inverse recursion operators,>!% Darboux transforma-
tion (DT),! L12] Bicklund transformation (BT),[13’14] confor-
(s (161 and so on.

17181 found that

mal invariance, 3! negative hierarchies,

Recently, Lou and his colleagues!
Painlevé analysis can also be applicable in acquiring nonlo-
cal symmetries, also known as residual symmetries, since the
symmetries correspond to the residues with respect to the sin-
gular manifold of the truncated Painlevé expansion. However,
the nonlocal symmetries cannot be directly used to establish
explicit solutions to differential equations, so the transforma-
tion of the nonlocal symmetries into local ones is needed with
the help of suitable prolonged systems.!!%!91 In Ref. [18], the
residual symmetries are localized and the related finite trans-

formation was found by Lou. Furthermore, advancing the
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truncated Painlevé expansion, Lou introduced the definition of
consistent Riccati expansion (CRE) solvable,?°! which is of
great efficiency in constructing interaction solutions and pos-
sible new integrable systems. In Ref. [21], a consistent tanh
expansion (CTE) was proposed to identify CTE solvable, a
special simplified form of the CRE.

On the other hand, conservation laws, essential in the
study of differential equations mathematically and physically,
propose one of the primary principles to formulate and investi-
gate models, especially in existence, uniqueness, and stability
of the solutions. In addition, the integrability of the system
is quite possible if conservation laws exist.[??] For conserva-
tion laws, different methods have been mobilized. The cele-
brated Noether’s theorem!?3! proves to be a systematic and ef-
ficient approach in finding conservation laws of PDEs unless
there exists a Lagrangian. However, there exist some equa-
tions not having a Lagrangian. Hence the Noether theorem
cannot be used to obtain conservation laws directly because of
the equation symmetries. This, however, can be solved with
the general concept of nonlinear self-adjointness proposed by
Ibragimov!>*23 and Gandarias!*®! to construct the conserva-
tion laws for any differential equation. This procedure can be
true of classes of single differential equations of any order but
of the systems where the number of equations is equal to that
of dependent variables. [*7]

This paper concentrates on investigating the residual sym-
metries, CRE solvable, interaction solution, and conservation
laws of the (2+1)-dimensional dispersive long-wave (DLW)
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system
Uyt + Vi F Uty + ity =0, vi+(uv+u+ug)e=0. (1)

System (1), modeling nonlinear and dispersive long gravity
waves in two horizontal directions on shallow waters of uni-

1.128] By now,

form depth, was initially proposed by Boiti et a
system (1) has been extensively studied by many profession-
als. Reference [29] has presented some new soliton-like so-
lutions to system (1). Reference [30] provided the rational
series solutions and multi solitary wave solutions to system
(1), while in Refs. [31] and [32], with the extended mapping
method and variable separation approach, respectively, new
variable separation excitations with arbitrary function and nu-
merous localized coherent structures such as multi-ring soli-
tons, dromion, breathers, and instantons of system (1) have
been obtained. In Ref. [33], the generalized singular man-
ifold approach yields the Darboux transformations and Lax
pair of systems (1). In Ref. [34], two kinds of new multiple
soliton solutions have been constructed through the Bécklund
transformation and Hirota bilinear method, and the fusion and
fission interaction phenomena among the different localized
structures have been used to investigate into system (1). How-
ever, we can see that the residual symmetry, soliton-cnodial
wave solution, and conservation laws of system (1) have not
been studied yet in the above literature.

This paper is organized as follows. Section 2 focuses on
the non-auto Bécklund transformation theorem and residual
symmetry of the (2+1)-dimensional DLW system by using the
truncated Painlevé expansion approach. Then extending the
original system makes the residual symmetry localized. Con-
sequently, the corresponding finite transformation group can
be obtained with Lie’s first theorem. Section 3 verifies that the
(2+1)-dimensional DLW system is CRE solvable and leads to
new interactions between solitons and cnoidal periodic waves.
In Section 4, the conservation laws of the (2+1)-dimensional
DLW system are derived from the Ibragimov theorem. In the
last section, some conclusions and a discussion are presented.

2. The residual symmetry of DLW system and its
localization

For the (2+1)-dimensional DLW system, its truncated
Painlevé expansion can be expressed as

ui V2 V1
u= "L ug, v=-3+l4, 2)
¢ ¢ ¢
with ug, u1, vo, vi, v2, ¢ being the functions of x, y, and 7.
Substituting Eq. (2) into system (1) and eliminating all the co-
efficients of different powers of 1/¢, we have
P+ O

uy = — 5 u1:2 9
o b

V1= 2¢xy7 V) = _2¢x¢y»
. ¢x ‘Pxxy - ¢xy (bxx + ¢XZ + ¢x¢yt - ¢xy ¢t )

vo = 3
9?
and the field ¢ satisfies the following Schwarzian form:
P+ Sy+2Py— PP, — k=0, “)

where k is an arbitrary integral parameter,

. %_3(%)2
o’ O 2\ o
The Schwarzian form (4) is invariant under the Mobious trans-
formation +bo
a
— d #+ bc).
0= g (ad # o)

That is to say, equation (4) bears three symmetries 6¢ = d,
o? = dr@, and c? = ds ¢2 with arbitrary constants d;, d», and
ds.

After substituting expression (2) into system (1), we have
the following theorem.

Theorem 1 (non-auto BT theorem) If the field ¢ meets
Eq. (4), then

_ futd
¢
_ ¢x ¢xxy - ¢xy ¢xx + ¢x2 + ¢x¢yt - ¢Xy ¢t

v= 5 ®)

is a non-auto BT between ¢ and the solution u, v of the (2+1)-

dimensional DLW system (1).
Theorem 2 The DLW system (1) has the following resid-
ual symmetry:

o' =2¢;, 0'=2¢y, 6)

where u, v, and ¢ satisfy the non-auto BT (5).
Proof The symmetry equations of system (1) are

Oy + Oy + Oy Uy + Uy Oy + 6" ttyy +ucy, =0,

6, +voy +6"uy + 6"vy +uoy + oy + 05, =0.  (7)

Equations (7) hold when substituting Eq. (6) into Eq. (7) with
the help of Egs. (4) and (5).

Since nonlocal symmetries cannot be used to construct
explicit solutions to differential equations directly, nonlocal
symmetries need to be transformed into local ones. To this
end, we introduce new variables f, g, and f; to eliminate the
space derivatives of ¢ by

f=0¢x g:¢y7 f1:fy~ (8)

Now the nonlocal symmetry (6) of the DLW system (1) is lo-
calized to a Lie point symmetry

O-uzzfa szzflv G¢:_¢25 Gf:_2¢f7
of =—2¢g, o/l =-2(sf+ /).
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for the prolonged equations (1), (4), and (8) with the Lie point
symmetry vector

V = 2f0,+2f10,— $79p — 20 f 9y
—2089y —2(8f + /1)y, ©)
To proceed, we study the finite symmetry transformation

of Lie point symmetry (9). According to Lie’s first theorem,
solving the initial value problem

di(e)

W) —afte). a0)=u. D =2f(e), o(0) =+
WO _ o). 50)=0.

YO _ aferpte). 0=

Y& oate)(e)+dle)(e). AO)= £
L) _ 2gerile) a0)=s (10)

will easily yield the following symmetry group transformation
theorem.

Theorem 3 If {u,v,¢,f, g, f1} is a solution to the pro-
longed system (1), (4), and (8), {@,9, 9, f,8, f1} is

of  up+2f

<>

(ep+1)¢ ¢
. 262(0f1 — f8)+2efi 4 (0
v=ve (pe+1)2 IR Aabrsy
]3: f g= 8
(e¢p+1) (e +1)%’
o fileg+1)—2fge an
(ep+1)°

Remark 1 In Theorem 3, we find the residual symmetry
6" = 2¢y, 0" = 2¢x, resulted from the truncated Painlevé ex-
pansion is just the infinitesimal form of the group. In fact,
the above group transformation is equivalent to the truncated
Painlevé expansion (2) and (3) because the singularity man-
ifold equations (1), (4), and (8) are form invariant under the
transformation

1+€e¢ — ¢ with (ef — ¢, €8 = @y, €f1 = @yy).

3. CRE solvability and interaction solutions to
DLW system

3.1. CRE solvability

The leading order analysis lays the basis for the acquisi-
tion of the following truncated Painlevé expansion solution to
the DLW system:

U= U\ —I—ulR(W),
=vo+ViIR(W) +vaR*(w), w=w(x,y1), (12)

<

in which R(w) is a solution to the Riccati equation
R, = ap+aiR+ a R, (13)

with ag, ay, and a, being arbitrary constants.
Egs. (12) and (13) into Eq. (1) and then vanishing all the coef-
ficients of the like powers of R(w), we obtain

Substituting

alw)% + Wy — Wy

uy = )
Wx
3 2
Vo = (2a0axwywy + arwayy Wy + WilWay — WaxWyy
2 2

+ WXth + WX — Wny[)/_Wx,

up = 2apwy, vi = —2ax(aiwywy +wy),

vy = 72a§wxwy, (14)
where the function w only needs to satisfy

Pl 4+ S1x — 2Pixx — PiPix — Owywy, = 0,
(6= a% —4apay), (15)

with P = [t and §; = *l= — %(%‘)2
From the above, it can be concluded that the (2+1)-
dimensional DLW system is CRE solvable since it has the
truncated Painlevé expansion solution related to the Riccati
equation (13), and the following theorem can be established.
Theorem 4 The DLW system (1) is CRE solvable with

the CRE

u = up+2a;wR(w),

v = vo — 2az(a1wywy + wey)R(W) — 2a3w,ewy R (W), (16)
where 1 and v are determined by Eq. (14).

3.2. CTE solvable and interaction solutions to the DLW

system

It is known that the Riccati equation (13) has a special so-
lution R(w) = tanh(w) when ag = 1, a; =0, ay = —1, which
substantiates that the CRE solvable system is CTE solvable,
and vice versa. Then the following CTE solvable theorem can
be acquired.

Theorem 5 The DLW system (1) is CTE solvable with
the CTE

u = up+2axwytanh(w),
v = vy —2as(aiwywy + wyy) tanh(w)

— 2a3wywy tanh*(w), 17)

where uy and vg are determined by Eq. (14) with a9 = 1,
a=0,a =—1.

Theorem 5 shows that solving the w equation (15) can re-
sult in various interaction solutions between solitons and other

nonlinear excitations, which posess a form3°!

w=hx+ hyy +hst + W(qi1x+ g2y + qst), (18)

030202-3



Chin. Phys. B  Vol. 26, No. 3 (2017) 030202

where W (q1x+qoy+q3t) =W(X) =W, and W; (X)) = Wy sat-
isfies
Wi = bo+biWi(X)+byW;(X)?
+b3W1(X) + bW (X)*, (19)
with by, b1, by, b3, bs being constants. Substituting Egs. (18)

and (19) into Eq. (15), with the help of software Maple, we
obtain

_ i (bagi —2bshiq1 +95h7)

bO )
qi
h1(2byg% — 3b3hiq) + 126K3)
bl - 3 5
USt
hqs
by =39, h3=7, (20)
1

while all the other constants hy, hy, h3, q1, g2, q3, b2, and b3
remain free.

Obviously, the general solution to Eq. (19) can be ex-
pressed in terms of Jacobi elliptic functions. Here, just take

w in the following special Jacobi elliptic function
w = hix+hyy+hst +AE;
x (sn(q1x+ qoy +qat,m),n,m) 21)
as the solution to Eq. (15), which characterizes the interac-

tions between a soliton and a cnoidal wave. Here, sn(z,m) is
the usual Jacobi elliptic sine function and

dr
1—nt2)\/(1—12)(1 —m?2)

is the third type of incomplete elliptic integral. Substituting

¢
Ex(&,n,m) =/0 ( (22)

Eq. (21) into Eq. (15) and solving the over-determined equa-
tions with the help of maple will yield

{hM=h,hh=hy, h3=h3, A=A, m=m,n=0, q1 =q1, ¢2=q2, 43 =43}, (23)
{h1=2Zq1, hy =hy, h3 =2Zq3, A = —4Z, m= -1, n=—1, q1 = q1, 92 = @2, 43 = q3}, (24)
{hl :226117 h2 :h27 h3 :226]37 )‘ = _4Za m= 17 n= _17q1 =41, 92 =92, g3 :q3}7 (25)

where

Z:; or SR — (26)

9
(4apar — a%) 2

(4apar —ay)
where (4a0a2 —a%) 75 O, hl, /’lg, h3, l, q1, 492, 43, and m in
Eq. (23) are arbitrary constants, and k3 = hiq3/q;.

When equation (23) is substituted into expression (21),
then equation (21) will become

\
is the first type of incomplete elliptic integral. Substituting

Egs. (14) and (27) into Eq. (17), we can obtain the interaction
solution between soliton and cnoidal periodic waves. The re-
sult is omitted here because of its prolixity. The corresponding
images are shown in Figs. 1 and 2, and the parameters used in
the figure are selected as {h; =1, hp, = 0.5, h3 = 0.5, A =
0.1,g1=2,g=4, ¢3=1, m=0.5}.

When equation (24) or (25) with ap = 1, a; = 0, and

w = hyx+ hyy+ hst 4 AEllipticF(JacobiSN ay = —1 is substituted into expression (21), then equation (21)
X (q1x+ q2y + q3t,m), m) (27)  becomes
where
. da w = —i(ihpy + q1x + g3t — 2EllipticF
EllipticF(z, k) = /
0 /(1—0a2)\/(1—a2k?) x tanh(qix+ g2y +gq3t,—1),1)). (28)
(a) (b)
x ) '
—20 —10 10 20 —20 —10 10 20 1
U U
0
-1 —1] 3 -1
_92 —2 —2 20
-3
—20

- 5 —20

Fig. 1. (color online) The soliton-cnodial periodic wave solutions to u: (a) the profile of the special structure with r =0 and y = 0, (b) the
profile of the special structure with # = 0 and x = 0, (c) perspective view of the wave.
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(a) 25
20 20
15 151
10 1

(b)

:

Fig. 2. (color online) The soliton-cnodial periodic wave solutions to v: (a) the profile of the special structure with # = 0 and y = 0, (b) the profile
of the special structure at = 0 and x = 0, (c) perspective view of the wave.

Substituting Eqgs. (14) and (28) into Eq. (17) will lead to the

following two-soliton solutions of system (1):

1 2
u = 2T —dq3
(tanh(CI1x+6I2)’+q3t)2+l)q1( 41— )
X tanh(q1x+q2y+Q3t)2
—4qitanh(q1x+ 2y +q3t) — 21T — g3, (29)
1
V= -

(tanh(gi1x+ g2y +g3t)> +1)?

x ((2iT%haq1 +2ih2q1 —4q1q2 + 1)

x tanh(q1x + g2y + q3t)* — 8T qiqa tanh(q1x+ g2y + g3t )’
+2(1 4249192 — 2T?q19>) tanh(q1x + g2y + g3t)*
+8Tq1q>tanh(q1x + g2y + ¢3t)

—2iT?hyqy +4T%q1q2 — 2ihaq1 + 1), (30)

where T = tan(ihyy + q1x + g3t — 2EllipticF(tanh(qx + g2y +
—1),1)).

Since the solutions are complex numbers, the figures

qst,

drawn here are modules to them (Fig. 3), and the parame-
ters used in the figure are selected as {r =0, hy = 0.1, hs =
0.5, g1 =0.3, ¢ =0.3, g3 =0.2}.

Remark 2 Figures 1 and 2 illustrate the soliton-cnoidal
periodic wave solutions to the fields « and v, describing a soli-
ton that travels on a cnoidal wave background for the DLW
system. Clearly, the interaction between the soliton and every
peak of the cnoidal periodic wave is elastic as phase changes.
Solutions and figures obtained in this paper might be helpful in
further understanding the propagation of nonlinear and disper-
sive long gravity waves on shallow waters. When the module
m=1or m= —1 and n = —1, the soliton-cnoidal periodic
wave solutions will reduce back to the two-soliton solutions
as shown in Fig. 3. Figure 3(b) shows that two line solitons
intersecting in the initial time (r = 0) produce a resonance phe-

nomenon.
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Fig. 3. (color online) The two soliton-solution structure of (a) u and (b) v
determined by Egs. (29) and (30) for the DLW system at =0.

4. Conservation laws for DLW system

In this section, we consider the conservation laws of the
DLW system (1) by Ibragimov’s theorem with the introduction
of some notations and theorems.

Definition 1% Consider a system of equations

Fo (X, u,u(1y, () =0, a=1,....m, (€28

with 7 independent variables x = (x',...,x") and m depen-

dent variables u = (u',...,u™) where u(s) denotes the set of
the partial derivatives of s-th order of u. The adjoint equation

to Eq. 31) is

Fo(x,u,v,. g, v(e) =0, ao=1,...,m, (32)
with
B SL
Fa(x,u,v,...,u(s),v(s))zw, a=1,....m, (33)
where L is the formal Lagrangian for Eq. (31) given by
m
L= ZvﬁFﬁ(x,u,u(l),...,u(s)), (34)

B=1

030202-5
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v=(v,...,v™) are new dependent variables, v = v(x), and

5/du® is the variational derivative

d

5
ip .. .Dij aT
Ui

a - S
sur ~ gue T &P

Theorem 6!>*! Any infinitesimal symmetry (Lie point,
Lie Bicklund, nonlocal)

d

X = é(xuu )8140‘

)axl+n (x, ()

of Eq. (31) provides a conservation law D;(C’) = 0 for the
system of differential equations consisting of Eq. (31) and the
adjoint equations (32). The conserved vector is given by

JL JL JL
oo (2 on(2) ]

ljk
dL oL
+D; (W) [aug—D ((9 = >—

Ijk

= EL+w*

JL
+D;Dp(W%) la = —] , (33)

Uk

and W% =n® —&/ut.

We utilize Theorem 6 to construct the conservation law
for system (1). For system (1), we introduce the Lagrangian in
the following symmetrized form

e 1 1 1
L =u <2uyt+2u,y+vxx+uxuy+u<2uxy+ 2””))

1
+v] (v, 4 Uy uvy +u,+ 3 ey
1 1
+ g”xyx + guyxx s (36)

where u}, v] are new dependent variables, and the adjoint
equations of system (1) from definition 1 are

* * * * * _
Upy + U ey = Vi = Vix = Vi = O’

Vi Huviy — Ui, =0 (37)
Based on Theorem 6, for a general vector field
0 5 0
X = é‘ +€2 +€3—+n —+n*5-,  (38)
du v
the conservation law is under the control of

D, (C") +Dy(C*) +Dy(C*) = 0. (39)

(C',C?%,C3) of Eq. (35) will
change into the following concrete forms

Here the conserved vector C =

JdL oL JdL

1 _ gl 298 wip 1
=& L+W v WD)au[y—i—W au[}
JdL JdL JdL
21 L w! oL oL
= oL+ (8ux Dyauxy +Dx"/8uxxy

oL L[ L oL
+ Dy | +W —D,—

Oty vy T OV

<aL 8L> L oL
+W) —Dy—— | W'Dy

ity Aty y&um,
oL JL oL

w? w)! wl —

T e T G T Gy

xx&uyxx " Juy
oL oL oL
w)! —Dy— |+ W]} ) 40
MG <8uyx xauw> + Oty (40)

By substituting Eq. (36) into Eq. (40), it will change into

1
D= el wv - E(Wlli{y nylu’f),

2 2 1 1 * * 1 * 2 *
C-=EL+Ww Uity FVIV = Ul 2V

1 1
+W2(vTu —ui,) —i—Wyl <2uu’f — 31)’1‘}()

1 1% 2 % 2 1, %
_ gWx Vly +WX Ml + gnyVh
1 1 1 1
3 3 * * * *
= é L+W1 (2141“)( — iult — Eulxu—i— 3V1xx)

(i = i)+ g Whoi + Wi,
with
Wh=n' =&l — &ux—&uy,
W2 =2 £y — 2 — &y
The following symmetries of system (1) are obtained from the
classical Lie group theory !

1 1 0
X = folt +f1 5(”f1t+xflzt)7
1 8
+2f11(V+1)(9 ) 41)
0 0
X = f2*+f2y(v+1)$» (42)
0
f% +f3z& ; (43)

where f is an arbitrary function of y, fi, f3 of t.
To proceed, we consider the following cases.
Case 1 For the generator

1 0 0o 1 d
X = —Exflza +f15—§(uf1t+xflzz)a*
1 0
+ = f][(V"‘l)a s

the Lie characteristic functions are
1 1
Wl = _E(uflt +xf1tt) + Exfltut _fluxa

1 1
= Eflz(VJF 1)+§xfltvt — f1vy,

030202-6
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one can obtain the conservation vector of system (1)

L
c' = —Exflt[ul(uyt—|—vxx—|—uxuy+uuxy)
F V(v F v 4 uvy + s+ ity

+ Bflt("+ 1)+ %xfltvt —flvx] vi
i 5~
+ lfl’/bc’ffy + l”T <1xf1tuty — filtyy — 1”yf1t> )
2 2 2 2
C* = fi[u} (ttye + vy + sty + ity
F VT (Ve + V4 uvy + Uy + thyyy)]

- -;(uflt +xfin) — %xfltut +f114x}

X 5“1”y+V1V_§””1>v+§V1xy

1 1 * *
+ Eflt(V-F 1)+ Exfhvt —flvx] (viu—uj,)

+ (;xfl,uty — [ty — ;fltuy> <;uuT - ;V)lkx>
111 1 1 N
—3 [zfnuz + 5 it — fitke — §(MXf” +fm)} Viy
1 1 1 «
+ <2f1th + Efltvt + Exfltvtx —flex> 123}
2 /(1 1 1 N
+ 3 <2f1tuty + EXfltMtxy — Jilhexy — 2”ny1t)V17
3 1 1
C’ = {2)6](1114: — E(Mflt +xfin) _flux:|
X <1uTux - 1bﬁf - luu* + lv* >
) > t 2 1x 3 Lxx
1 1 1
+ |:2f1tut + Exfltuzx — flltex — E(uxflt +fltt):|
X (1ubff — 1VT ) + l (fltutx+ 1xf1tutxx
2 37 3 2
1 "
— flthox — 2f1tuxx) V1
111
+ 5 [zx(flttut JFflt”n) = furttx — fitxr
1
— E(fltut+flttu +xflm)} uj.

Case 2 For the generator

0 0
X, = fzafy +foy(v+ 1)57

the Lie characteristic functions are

w!= — fauy, W? = —foy(v+1) = favy,

we can obtain the conservation vector of system (1)

* 1 *
cl = —[y(v+ 1)+ fovyvi + §f2“y“1y

1 *
- §(f2y”y + fautyy)uy,

c? = —fouy <2u1uy—|—v1v—2uu1y—|—3ley>
— [fy (v 1) + favy | (viu — uiy)

1 1,
*(f2yuy +f2u}‘y) <2u”T - 3v1x>
1 *
+ ng”xvay - (f2ny + f2ny)M1
2
3

(fayttxy + fottoyy VT,
C3 =f [u)lk (uyt + Vix + Uxtty + Muxy)
VT (v F ey 4 uvy + s+ ity
—fauty | Surie = Suy = Sl SV
1, 1, 1 1 y
_fzuxy <2uu1 — gle) — gfzuxx)yVT — Efzuy,ul.

Case 3 For the generator

0 0
X3 = fz— —

3 f3 &X + f3t 811{ )

the Lie characteristic functions are
W' = fy = faue, W2 =—fvy,

we derive the conservation vector of system (1)

1

c' = _f3VxVT ) [(f3t - f3MX)”Ty +f3”x_v”ﬂv

C* = f3[u (tys + Vi + ity + ity
+ Vi (v + v+ uve + ue+ iy

+(f3t_f3ux)(2ulu)‘+vlv_2uu1y+3ley)
— fave(Viu—ui,) — fauxy FUM ~ 3Vix

1 * * 2 *
+ §f3uxxvly - fBVxxul - §f3V1uxxy7

2 3
|
— faltyx <2uu1 - 3V1x)

1 * 1 *
- §f3uxxxvl + §(f3tt _f3tux - f3uxt)u1-

1 * * * 1 *
= (f3r — f3itx) [(u]”x_un—uu]x)—Flex:l

Conservation laws are mathematical expressions of phys-
ical laws, such as conservation of energy, mass, and momen-
tum. Not all of the conservation laws of a PDE have physical
interpretations but the existence of a great number of conser-
vation laws is a strong indication of its integrability. The cele-
brated Noether theorem provides us with a corresponding rela-
tionship between symmetry and conservation law; she pointed
out that each kind of symmetry corresponds to a conservation
law, such as the invariance of the spatial transformation en-
sures the conservation of momentum and the invariance of the
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temporal transformation guarantees the energy conservation,
and vice versa. Therefore, it is of great significance to find
infinite conservation laws for a soliton system.

Remark 3 Clearly, the above conservation vectors Ct
(i = 1,2,3) include an arbitrary solution uj, vj to adjoint
Eq. (37), so the number of conservation laws is infinite.

5. Discussion and summary

With the standard truncated Painlevé expansion, we ex-
plore the non-auto Bicklund transformation, residual symme-
try, and interaction solution between soliton-cnoidal periodic
waves of the (2+1)-dimensional DLW system (1). Nonlocal
in the original nonlinear system, the residual symmetries are
localized with a properly auxiliary dependent variable intro-
duced. Besides, solving the standard Lie’s initial value prob-
lem leads to the finite transformation of the residual symmetry.
Moreover, the DLW system is proved to be CRE solvable, and
also CTE solvable in a special case. In the CTE, abundant soli-
ton and cnoidal periodic wave solutions can be given by the
Jacobi elliptic functions. Furthermore, countless conservation
laws of system (1) have been obtained from Ibragimov’s new
conservation laws. The basic conserved quantity can be ap-
plied in obtaining various estimates for smooth solutions and
defining suitable norms for weak solutions. So it is worth be-
ing further investigated.

A good understanding of the solutions to system (1) is
very helpful for coastal and civil engineers by applying the
nonlinear water model to coastal harbor design. One can also
consider the relationship between residual symmetry and other
nonlocal symmetries. The research into the CTE method and
more types of interaction solutions to different kinds of non-
linear excitations should be pushed forward.
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